We present an exact calculation of the power spectrum of the electromagnetic fluctuations in a relativistic equilibrium plasma described by Maxwell-Jüttner distribution functions. We consider the cases of wave vectors parallel or normal to the plasma mean velocity. The relative contributions of the subluminal and supraluminal fluctuations are evaluated. Analytical expressions of the spatial fluctuation spectra are derived in each case. These theoretical results are compared to particle-in-cell simulations, showing a good reproduction of the subluminal fluctuation spectra.
The objective of this paper is to present exact analytical and numerical calculations of the fluctuation spectra associated to drifting relativistic plasmas described by a Maxwell-Jüttner distribution function [24, 25] . We will consider electromagnetic fluctuations propagating along or normal to the mean plasma velocity with different polarizations. In each case, we will compute both the (ω, k)-and k-resolved spectra. To this goal, we will distinguish between the contributions of the damped subluminal (ω/k < c) and undamped supraluminal (ω/k > c) normal modes. The latter will be computed from the electromagnetic dispersion relation by generalizing the numerical scheme originally proposed by Fried and Gould [26] in the nonrelativistic electrostatic regime. With a view on the Weibel-like filamentation instability of a relativistic plasma [27, 28] , we will evaluate the spectrum of * Electronic address: charles.ruyer@cea.fr † Electronic address: laurent.gremillet@cea.fr magnetic modes with wave vectors normal to the plasma drift velocity.
This paper is organized as follows. In Sec. II, we recall the formalism of the standard fluctuation theory and adapt it to Maxwell-Jüttner distributions. The spectrum of longitudinal and transverse electric fluctuations propagating along the plasma drift velocity is treated in Sec. III, whereas the spectrum of magnetic fluctuations propagating normal to the plasma drift velocity is computed in Sec. IV. Section V confronts our theoretical formula to particle-in-cell (PIC) simulations. Finally, our results are summarized in Sec. VI
II. ELECTROMAGNETIC FLUCTUATION THEORY A. General formalism
Let us consider a uniform relativistic plasma composed of a number of charged particle species of mass m s , charge q s and density n s . According to Refs. [2, 5] , assuming an adiabatic switch-on of the electromagnetic interactions, the spectral density tensor of the plasma electric fluctuations writes
where the fluctuation source jj † k,ω is the spectral density tensor of the ballistic plasma current density The resistivity tensor Z k,ω is defined from the linear relation
We adopt the following conventions for the Fourier transform of a given function g(r, t)
g(r, t) = s (p)d 3 p = 1. Charge and current neutralization is assumed so as to ensure a field-free equilibrium.
Let us introduce α, the angle between the wave vector k and the z-axis, and β φ = ω/kc, the normalized wave phase velocity. By changing to velocity variables in cylindrical coordinates along k, the triple integrals involved in the dielectric tensor can be reduced to the following onedimensional quadratures [13] :
Each function X ∈ {A s , B s , C s , D s } is defined as
with
Making use of the above definitions, the source tensor (2) simplifies to
where H(x) denotes the step function.
C. Branch cuts
In order to compute Eq. (1) for (ω, k) ∈ R 2 , the function X ∈ {A, B, C, D} (the index s is omitted for the sake of clarity) must be analytically continued to the β φ ≤ 0 complex half-plane. To this goal, it is convenient to use the following expression
where ln denotes a particular branch of the complex logarithm to be defined. The integrand of Eq. (24) has no singularity, and therefore allows a standard numerical integration scheme. Because X has to be computed on the real β φ axis, the logarithm's branch cuts are chosen to be ] − 1 − i∞, −1[∪] + 1, +1 − i∞[. This implies that the phase angles θ β±1 = arg(β ± 1) lie within the interval −π/2 < θ β±1 < 3π/2. This specification leads to the same branch cuts for the multivalued relativistic factor Similarly, the analytic continuation of the function h(β) (19) follows from its factorized form
The phase angles θ β d β−ζ± = arg(β d β − ζ ± ) are now restricted to the intervals −π/2 < θ β d β−ζ− < 3π/2 and −3π/2 < θ β d β−ζ+ < π/2, which leads to the branch cuts
. Equation (15) shows that the function X inherits the
By contrast, it is of the Cauchy type in the upper half β φ plane, and therefore everywhere holomorphic.
In the following, we will compute the (ω, k)-resolved spectra of the longitudinal and transverse fluctuations propagating along the beam direction (α = 0), and of the magnetic fluctuations propagating normal to the beam direction (α = π/2).
III. FLUCTUATIONS WITH WAVE VECTORS PARALLEL TO THE PLASMA DRIFT VELOCITY
A. Longitudinal fluctuations
Basic formulae
Here, we consider electrostatic fluctuations with E k and k z. Combining Eqs. (1) and (6) yields
where zz can be rewritten as (see III A 2)
. Upon defining the susceptibilities χ s from the standard relation zz = 1 + s χ s , and noting that j z j * z s is proportional to the singularity f Bs (β φ ) of the integrand defined in B s , the electric fluctuation spectrum can be further simplified as
This expression generalizes the fluctuation-dissipation theorem [3] to the case of multiple Maxwell-Jüttner-distributed particle species of various drift velocities and temperatures. Note that it is formally identical to the formula derived for nonrelativistic drifting Maxwellians by Lund et al. [7] .
Dispersion relation
The fluctuation spectrum [Eq. (30) ] is strongly peaked around the weakly-damped and undamped solutions of zz (ω, k z ) = 0. Because it implicitly assumes unbounded particle velocities, the standard nonrelativistic kinetic description of a stable plasma wrongly predicts that all of its eigenmodes are Landau-damped, whatever their phase velocity. Now, it can be proved from a more rigorous relativistic description that only the subluminal modes (with ω/k < c) are damped [30, 31] . For the sake of numerical convenience, we recast the dispersion relation in the form
This formulation, in which k 2 z (> 0) is a function of β φ only, lends itself to the efficient numerical scheme introduced by Fried and Gould [26] in a nonrelativistic framework. This technique consists, first, in determining the locus of the zeroes of G(β φ ). This can be readily performed by means of a contour plot in a finely discretized portion of the complex β φ plane. Then, we retain those zeroes fulfilling G(β φ ) > 0 and identify k z c = G(β φ ). Depending on the β φ domain considered, this method allows us to simultaneously solve for a set of discrete electrostatic (E k) solutions ω L (k z ).
As shown in Refs. [30, 32] for an isotropic plasma (β ds = 0), the supraluminal electrostatic modes (with ω/k > c) exist only over a finite interval 0 ≤ k z ≤ k c± (for a positive wavenumber). The critical value k c± defined by ω L (k c± ) = ±k c± c, depends on the sign of the phase velocity. In the general case, k c± can be obtained by setting β φ = ±1 in Eq. (31), yielding [32, 33] 
(32) Consequently, for a fixed sign of the phase velocity, there is a maximum of one supraluminal longitudinal mode (ω LS+ or ω LS− ). The main difference between these results and previously published nonrelativistic calculations [7, 9, 10, 19] is the cutoff occurring for supraluminal modes. Since the quadratures defined by Eq. (15) have no pole for |β φ | > 1, the dielectric tensor is purely real; hence, supraluminal modes cannot be excited by an inverse-Landau (Cerenkov) type mechanism. For a pair plasma, Eq. (30) is proportional to ( zz )/| zz | 2 . As shown in Ref. [4] this implies that E z E * z kz,ω ∝ δ( zz ) in the supraluminal region (|β φ | > 1). Consequently, the supraluminal part of the fluctuation spectra only results from the delta-like singularities (in the absence of collisions) associated to supraluminal eigenmodes, solution of Eq. (31) .
As expected, the subluminal fluctuation spectra exhibit strong maxima along the weakly-damped part of the eigenmode curves. The latter (plotted as black dashed curves) intersect the β φ = ±1 lines at k z = k c± . The fluctuation maxima are all the sharper when the plasma temperature drops, being increasingly hard to capture numerically. In the isotropic, low-temperature case (µ = 100) of Fig. 2 (e), the well-known nonrelativistic Bohm-Gross mode ω = ω p (1+3k
is found to closely match the exact eigenmode. We checked that the fluctuation spectrum significantly broadens away from the eigenmode for k z c/ω p 3, which corresponds to the well-known strongly damped regime k z λ D > 0.3. In the isotropic, relativistically-hot case (µ = 1), the spectrum broadens away from the eigenmode curves, attaining comparable values over most of the subluminal cone for k z c/ω p < 1.6.
The influence of a relativistic drift velocity (β d = 0.9) is illustrated in Figs 
k-resolved spectrum
The spatial fluctuation spectrum is of interest both experimentally and theoretically. The integration of Eq. (30) over ω gives This integration can be carried out by the method introduced in Ref. [34] in the non-relativistic case. To this effect, let us rewrite Eq. (33) as
where we have defined
We now introduce the subluminal fluctuation spectrum
which is the integration of I(ω, k) over the subluminal ω-domain [−kc, +kc]. The supraluminal fluctuation spectrum E i E * j
This function is analytic in the upper half ω-plane but has several singularities on the real ω-axis. The first one is due to the ballistic term (ω − kv d ) −1 and is located in the subluminal region |ω/kc| < 1. The others correspond to the supraluminal (undamped) eigenmodes ω LS± (k). There follows
where the closed integration contour Fig. 3 . Since lim |ω|→+∞ −1 zz − 1 = 0 and I ∈ R for |ω/kc| > 1, the integrals over the G 1 , G 2 and G 6 contours vanish, yielding
To obtain Eq. (37), the G 4 term has been identified with the subluminal part of fluctuation spectrum,
, and the integrals over the semi-circle contours G 3 , G 5 and G 7 have been evaluated using the residue theorem. The second term on the left hand side corresponds to the supraluminal fluctuation spectrum:
The total (subluminal and supraluminal) spatial fluctuation spectrum is therefore given by the ballistic singularities
which generalizes the nonrelativistic result of Ref. [34] . As a test, we have numerically integrated Eq. (33) over the subluminal region ω ∈ [−k c− c, k c+ c] and compared the results to the formula
where the supraluminal eigenmodes ω LS are obtained from solving Eq. (31) . Figure 4 shows excellent agreement between the numerical and theoretical spectra for µ = (1, 10, 100) and β d = (0, 0.9). The discontinuities seen in the subluminal spectra correspond to the supraluminal eigenmode cutoffs at k = k c ± . Both negative and positive-phase velocity supraluminal eigenmodes exist for k z < k c− < k c+ , whereas only the positive-phase velocity supraluminal eigenmode exists for k c− < k z < k c+ and all eigenmodes are subluminal for k z > k c+ . As a result, the total and subluminal spectra exactly coincide for k z > k c+ . Note that these discontinuities are hard to capture numerically in the low-temperature regime (µ = 100) due to the delta-like trace of the subluminal eigenmode for
B. Transverse fluctuations
Basic formulae
Let us now consider the electromagnetic fluctuations propagating parallel to the plasma drift velocity. Plugging α = 0 into Eq. (11) first yields
The electromagnetic spectra then write
This is the generalized fluctuation-dissipation theorem for a multispecies plasma with arbitrary drift velocities and temperatures. For equal temperatures and drift velocities, it reduces to
Dispersion relation
Combining Eqs. (9) and (41), the dispersion relation of the transverse fluctuations can be recast as
The transverse normal modes ω T (k z ) can then be numerically computed using the method detailed in Sec. III A 2. An analytical expression of the supraluminal transverse modes ω T S can be obtained in the k z → 0 limit, which reads
where β 
(49) Taking the imaginary part of the above equation gives the damping rate
Figure 7(b) shows that, for µ = 100 and β d = 0.9, this expression closely matches the numerical solution up to 
k-resolved spectrum
The ω-integration of the transverse fluctuation spectra proceeds as in the electrostatic case. Let us therefore introduce the functions
such that
Making use of the closed contour G (Fig. 3) and of the following limits
we find that the supraluminal part of the transverse fluctuation spectrum is again given by the imaginary singularities related to the transverse supraluminal eigenmodes ω T S (k z ):
B y B * y
Similarly, the total spatial fluctuations are determined by the ballistic singularities, and turn out to be independent the subluminal ByB * y |β φ |<1 kz spectra (green solid line). Also plotted are the numerical integration of (53) (dashed line) and of (54) (dashed-dotted line). of the wavenumber:
In the case of a vanishing drift velocity, this formula is identical to the nonrelativistic expression [2] , as pointed out in Ref. [4] . The subluminal electric and magnetic spectra, E x E * x |β φ |<1 kz and B y B * y |β φ |<1 kz , readily follow from subtracting Eq. (57) and (58) to Eq. (59). Simple analytical expressions can be obtained at k z = 0:
Whereas the k z = 0 magnetic spectra is always purely subluminal, its electric counterpart involves, in general, both supraluminal and subluminal contributions. The latter vanishes for β d = 0 and prevails in the ultrarelativistic limit γ d 1. The full k z -dependence of the subluminal, supramuminal and total spectra of the transverse fluctuations is shown in Figs. 8(a-f) for various values of µ and β d .
IV. MAGNETIC FLUCTUATIONS WITH WAVE VECTORS NORMAL TO THE PLASMA DRIFT VELOCITY A. Basic formulae
We now consider the spectrum of magnetic fluctuations propagating normally to the mean plasma velocity (α = π/2). Without loss of generality, the wave vector is taken along the y-axis. Since we are interested in estimating the seed of growing filamentation modes in counterpropagating plasma flows [18] , the magnetic field is chosen along the x-axis, so that the electric field lies in the yz-plane. In contrast to the previous cases, the tensorial quantities , Z, jj † and BB † are now no longer diagonal. Their expressions for a Maxwell-Jüttner-distributed, multispecies plasma are given in Appendix B. For an electron or pair plasma with equal temperatures and velocities, one gets
Inserting Eq. (63)- (65) 
The solutions of the above equation then pertain to two distinct branches, β φ,1 = ω 1 /k y c and β φ,2 = ω 2 /k y c, defined, respectively, by
We have introduced ∆ = a 2 1 −4(v 2 φ −1)a 0 , where a n is the nth order coefficient of the polynomial in k 2 y defined by Eq. (67). Again, we employ the Fried and Gould scheme to compute the entire set of eigenmodes associated to each branch.
We find that there exist a maximum number of four undamped, or weakly-damped, eigenmodes (two symmetric modes of opposite phase velocities per branch). As displayed by the coloured dashed curves in Figs. 9(a-c) , these solutions correspond to the Lorentz-transformed dominant electromagnetic (branch 1) and electrostatic (branch 2) modes in the plasma rest frame. This is demonstrated in the low-temperature regime (µ = 100) by the precise coincidence between the exact curves and the Lorentz transforms of the modes
Note that the eigenmodes associated to branch 1 are purely supraluminal for all k y 's.
Owing to the non-vanishing yz term in Eq. (8), the electric field associated to eigenmodes with wave vectors normal to the plasma drift velocity has both longitudinal (E y ) and transverse (E z ) components. This property has been analyzed in detail in Refs. [35, 36] in the context of the filamentation instability. The orientation of the electric field is determined by the following formula [37] :
Making use of Eqs. (B2)-(B5), this can be recast as
The above equation can be analytically evaluated in the k y → 0 and k y → ∞ limits. It is easy to demonstrate that
where use has been made of lim
dβf B . It follows that the eigenmode ω 1,± is purely longitudinal for k y = 0 (E = E y ) and becomes purely transverse for k y → ∞ (E = E z ). By contrast, the eigenmode ω 2,± is purely longitudinal for k y → ∞ and purely transverse for k y = 0. The k y -dependence of the angle φ = arctan(E y /E z ) is plotted for both branches in Fig.  10(d) in a relativistically hot case (µ = 1, β d = 0.9). Figures 9(a,b,c) display Eq. (66) for β d = 0.9 and µ = (1, 10, 100). Only half the spectrum is shown due to its parity in ω. As expected, the trace of the eigenmode ω 2,+ increasingly stands out in the subluminal region as the plasma temperature drops.
Similarly to Figs. 6(a,c,e) , these spectra exhibit a peaked structure around ω = 0. As pointed out in Refs. [9, 10, 18] , these zero-frequency fluctuations are associated to the unstable magnetic filamentation (Weibel) mode. Combining Eqs. (B2)-(B1) gives the closed-form expression
We have thus generalized to arbitrary temperatures and drift velocities the formula obtained by Yoon [9] for a nondrifting, nonrelativistic Maxwellian plasma. As in the nonrelativistic limit, we find that B x B * x ky,ω=0 scales as
In order to carry out the integration of B x B * x ky,ω over ω ∈ R, we define the function
so that
Proceeding as in Secs. III A 4 and III B 4, we find that the total k-resolved magnetic spectrum is determined by the ω −1 term of Eq. (77). The calculation of the corresponding residue requires to evaluate the ω → 0 limits of yy , ω yz and ω 2 zz . These calculations are performed in Appendix C. Using Eqs. (C5)-(C7), the total spectrum reads As usual, the supraluminal spectrum results from the supraluminal singularities ω 1,2S of Eq. (77). 
obtained from a Lorentz transform of Eq. (32) taken at β d = 0. As in Sec. III A 4, this discontinuity is difficult to resolve in the cold case µ = 100.
V. COMPARISON TO PIC SIMULATIONS
In the following, we confront our analytical formulae to the electromagnetic fluctuations induced in a numerical PIC-modeled plasma. The purpose is to analyze the numerical noise seeding amplified modes in PIC simulations of relativistic plasma instabilities. Our code [38] employs the standard Yee solver for the Maxwell equations [39] and a charge-conserving current deposition scheme [40] with a third-order weight factor for the macroparticles. The simulation geometry is one-dimensional in space (along or normal to the plasma velocity) and three-dimensional in momentum. The spatial and temporal step sizes are ∆z = 0.1c/ω p and ∆t = 0.095/ω p , respectively. The plasma length is 560c/ω p with periodic boundary conditions for both the fields and macroparticles. The fields are initially zero. We consider an e + e − pair plasma initialized according to Eq. (10), with µ = 10 and β d = 0.9. The macro-particles have a charge and a mass equal, respectively, to Q p = ±W p q e and M p = W p m e , where W p is the statistical weight. For the numerical plasma to behave collectively as its physical counterpart, the plasma frequencies of the two systems must be equal, which implies where N p is the number of macro-particles per mesh and species (N p = 2000 here). In the 1-D geometry under consideration, W p thus corresponds to an areal density. Since the normalized inverse temperature µ is an invariant, the susceptibility tensor is unchanged in the simulation. By contrast, the source term is modified according to
The effect of the finite spatial width of the macroparticles is here neglected [41] . The relevant simulated quantity to be compared to the theoretical spectrum is therefore W p EE † PIC k,ω . In practice, the fluctuation power spectrum is computed from the absolute square of the fast Fourier transform in space and time |FFT z,t (E α )| 2 . Care is taken to select a temporal domain over which the system has reached a quasi-stationary state. The total simulation time is a few 1000ω −1 pe Figures 11(a,b,c) display the (k, ω)-resolved power spectra of the simulated electric and magnetic fluctuations for α = 0 (a,b) and α = π/2 (c). In the latter case, the simulation resolves the beam-normal y-axis. These results satisfactorily agree (over ∼ 4 decades) with the theoretical predictions depicted in Figs. 2(d), 6 (d) and 9(b). A noticeable difference is that the supraluminal eigenmodes appear as finite-width structures in the simulations instead of delta-like singularities. This can be attributed to a number of reasons: the finite temporal window, the numerical collisions between the finite-width (a) α = 0: macro-particles and the non-adiabatic switch-on of the fields. Regarding the latter, the level of the supraluminal fluctuations was theoretically shown to be highly sensitive to the details of the plasma initialization in Refs. [42] [43] [44] . A PIC study of the impact of the plasma initialization upon the asymptotic field fluctuations is outside the scope of this paper. Let us now consider the spatial fluctuation spectra. From the same reasoning as above, one has to compare the theoretical formulae (obtained in Secs. III A 4, III B 4 and IV D) to the simulated quantity W p |FFT z (E α )| 2 t , where t denotes a temporal average. The PIC spatial spectra shown in Figs. 12(a,b,c) turn out to better match the subluminal spectra than the total spectra. This behavior, which is particularly pronounced for the transverse fluctuations with α = 0 [ Fig. 12(b) ], confirms the observed discrepancy between the simulated and theoretical supraluminal spectra. We have checked that the energy stored in the supraluminal structures of Figs. 11(a,b,c) significantly underestimates the theoretical expectations.
VI. SUMMARY AND CONCLUSIONS
The power spectra of the electric and magnetic fluctuations spontaneously induced in unmagnetized, collisionless plasmas described by relativistic Maxwell-Jüttner distribution functions have been explicitly evaluated for wave vectors parallel or normal to the plasma mean velocity. Closed-form analytical formulae of the ω-integrated spectra have been worked out in all cases, distinguishing between the contributions of the subluminal and supraluminal electromagnetic fluctuations. We have found that the well-known nonrelativistic results [3] still hold for nondrifting relativistic plasmas. In passing, we have generalized the Fried and Gould method [26] to solve for the full set of eigenmodes of the system. This technique, evidently, could also handle unstable systems and oblique wave vectors.
The particular case of magnetic fluctuations with wave vectors normal to the beam velocity has been treated in detail. We have found that the long-wavelength (k y ω p √ µ/c) spatial magnetic fluctuations exceed the short-wavelength fluctuations by a factor γ 2
d . An explicit expression of the ω = 0 magnetic fluctuations is also provided. This formula has recently served to estimate the seed and saturation time of the relativistic filamentation instability of counterpropagating plasmas. Fair agreement with PIC simulations has been found provided both plasmas are in thermal equilibrium before overlapping [18] .
Finally, we have confronted our theoretical results to 1-D PIC simulations of drifting thermal plasmas. Overall, the theoretical spectra are well reproduced in the subluminal region. The eigenmode dispersion relations are accurately captured, yet with somewhat underestimated energy in the supraluminal domain. The susceptibility tensor is given by Eqs. (11)- (14) with α = π/2: 
The corresponding sources are j x j * x ky,ω = H(1 − |β φ |) 
